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Abstract
This paper presents, for sequences of sets, the notions of asymptotically lacunary
statistical equivalence (in the sense of Wijsman) of multiplicity L, strongly
asymptotically lacunary p-equivalence (in the sense of Wijsman) of multiplicity L and
strongly Cesàro asymptotically p-equivalence (in the sense of Wijsman) of
multiplicity L. In addition to these deﬁnitions, inclusion theorems are also presented.
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1 Introduction and background
The concept of convergence of sequences of numbers has been extended by several au-
thors to convergence of sequences of sets. The one of these such extensions considered
in this paper is the concept of Wijsman convergence (see [–]). Nuray and Rhoades []
extended the notion of convergence of set sequences to statistical convergence, and gave
some basic theorems. It should be noted that lacunary statistical convergence was studied
by Fridy and Orhan (see []). Ulusu and Nuray [] deﬁned the Wijsman lacunary statisti-
cal convergence of sequence of sets, and considered its relation with Wiijsman statistical
convergence.
Marouf [] presented deﬁnitions for asymptotically equivalent sequences and asymp-
totic regular matrices. Patterson [] extended these concepts by presenting an asymp-
totically statistical equivalent analog of these deﬁnitions and natural regularity conditions
for nonnegative summability matrices. Patterson and Savaş [] extended the deﬁnitions
whichwere presented in [] to lacunary sequences and also, in [], they studied an exten-
sion asymptotically lacunary statistically equivalent sequences. In addition to these deﬁni-
tions, natural inclusion theorems were presented. Savaş [] presented I-asymptotically
lacunary statistical equivalent sequences. Furthermore, Ulusu and Nuray [] extended the
deﬁnitions presented in [] to sequences of sets which is Wijsman sense. Also natural
inclusion theorems were presented.
In this paperwe introduce the concept of strongly asymptotically lacunary p-equivalence
(in the sense of Wijsman) of multiplicity L and strongly Cesàro asymptotically p-
equivalence (in the sense of Wijsman) of multiplicity L by using the sequence p = (pk)
which is the sequence of positive real numbers. In addition to these deﬁnitions, natural
inclusion theorems are presented.
Before continuing with this paper we present some deﬁnitions and preliminaries.
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(denoted by x∼ y).
Let (X,ρ) be a metric space. For any point x ∈ X and any non-empty subset A of X, we




Deﬁnition . [] Let (X,ρ) be a metric space. For any non-empty closed subsets




for each x ∈ X. In this case we writeW -limAk = A.
Deﬁnition . [] The sequence x = (xk) is said to be statistically convergent to the num-





∣∣{k ≤ n : |xk – L| ≥ ε}∣∣ = 
(denoted by st-limxk = L).








|xk – L| = 
(denoted by xk
|σ|→ L).
Deﬁnition . [] Let (X,ρ) be a metric space. For any non-empty closed subsets
A,Ak ⊆ X, we say that the sequence {Ak} isWijsman statistical convergent toA if {d(x,Ak)}





∣∣{k ≤ n : ∣∣d(x,Ak) – d(x,A)∣∣≥ ε}∣∣ = .
In this case we write st-limW Ak = A or Ak → A(WS).
Deﬁnition . [] Let (X,ρ) be a metric space. For any non-empty closed subsets







∣∣d(x,Ak) – d(x,A)∣∣ = .
In this case we write Ak → A([Wσ]) or Ak [Wσ]→ A.
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By a lacunary sequence wemean an increasing integer sequence θ = {kr} such that k = 
and hr = kr – kr– → ∞ as r → ∞. Throughout this paper the intervals determined by θ
will be denoted by Ir = (kr–,kr], and the ratio krkr– will be abbreviated by qr .
Deﬁnition . [] Let (X,ρ) a metric space and θ = {kr} be a lacunary sequence. For any
non-empty closed subsets A,Ak ⊆ X, we say that the sequence {Ak} is Wijsman lacunary
statistical convergent to A if {d(x,Ak)} is lacunary statistically convergent to d(x,A); i.e.,





∣∣{k ∈ Ir : ∣∣d(x,Ak) – d(x,A)∣∣≥ ε}∣∣ = .
In this case we write Sθ -limW = A or Ak → A(WSθ ).
The next deﬁnition is natural combination of Deﬁnition . and Deﬁnition ..
Deﬁnition . [] Let (X,ρ) be ametric space and θ be a lacunary sequence. For any non-
empty closed subsets Ak ,Bk ⊆ X such that d(x,Ak) >  and d(x,Bk) >  for each x ∈ X. We
say that the sequences {Ak} and {Bk} are asymptotically lacunary statistical equivalent (in












WSLθ∼ {Bk}) and simply asymptotically lacunary statistical equivalent (in
the sense of Wijsman) if L = .




{(x, y) ∈R : x + (y – ) = k }, if kr– < k < kr– + [
√
hr] and






{(x, y) ∈R : x + (y + ) = k }, if kr– < k < kr– + [
√
hr] and
k is a square integer,
{(, )}, otherwise.
Deﬁnition . [] Let (X,ρ) be ametric space and θ be a lacunary sequence. For any non-
empty closed subsets Ak ,Bk ⊆ X such that d(x,Ak) >  and d(x,Bk) >  for each x ∈ X. We
say that the sequences {Ak} and {Bk} are strongly asymptotically lacunary equivalent (in










[WN]Lθ∼ {Bk}) and simply strongly asymptotically lacunary equivalent (in
the sense of Wijsman) if L = .
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2 Main results
Let (X,ρ) be a metric space. For any non-empty closed subsets Ak ,Bk ⊆ X, we deﬁne
d(x;Ak ,Bk) as follows:
d(x;Ak ,Bk) =
{ d(x,Ak )
d(x,Bk ) , x /∈ Ak ∪ Bk ,
L, x ∈ Ak ∪ Bk .
Deﬁnition . Let (X,ρ) be a metric space, θ be a lacunary sequence and p = (pk) be a
sequence of positive real numbers. For any non-empty closed subsets Ak ,Bk ⊆ X, we say
that the sequences {Ak} and {Bk} are strongly asymptotically lacunary p-equivalent (in the











θ∼ {Bk}) and simply strongly asymptotically lacunary p-equivalent
(in the sense of Wijsman) if L = .
If we take p = pk for all k ∈N we write {Ak}




Theorem . Let (X,ρ) be a metric space, θ = {kr} be a lacunary sequence and Ak , Bk be
non-empty closed subsets of X ; then
(i) {Ak}
[WN]Lpθ∼ {Bk} ⇒ {Ak}
WSLθ∼ {Bk},
(ii) d(x,Ak) =O(d(x,Bk)) and {Ak}
WSLθ∼ {Bk} ⇒ {Ak}
[WN]Lpθ∼ {Bk}.
Proof (i) Let ε >  and {Ak}
[WN]Lpθ∼ {Bk}. Then we can write
∑
k∈Ir
∣∣d(x;Ak ,Bk) – L∣∣p ≥ ∑
k∈Ir
|d(x;Ak ,Bk )–L|≥ε
∣∣d(x;Ak ,Bk) – L∣∣p
≥ εp · ∣∣{k ∈ Ir : ∣∣d(x;Ak ,Bk) – L∣∣≥ ε}∣∣.
Therefore, {Ak}
WSLθ∼ {Bk}.
(ii) Suppose that d(x,Ak) =O(d(x,Bk)) and {Ak}
WSLθ∼ {Bk}. Then we can assume that
∣∣d(x;Ak ,Bk) – L∣∣≤M





k ∈ Ir :







for all r >Nε for each x ∈ X. Let
Lk =
{
k ∈ Ir :
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∣∣d(x;Ak ,Bk) – L∣∣p = hr
∑
k∈Lk
∣∣d(x;Ak ,Bk) – L∣∣p + hr
∑
k /∈Lk










Theorem . Let (X,ρ) be a metric space and Ak , Bk be non-empty closed subsets of X. If




θ∼ {Bk} ⇒ {Ak}
WSLθ∼ {Bk}.
Proof Suppose that supk pk =H and {Ak}
[WN]
L(p)


































∣∣{k ∈ Ir : ∣∣d(x;Ak ,Bk) – L∣∣≥ ε}∣∣ ·min{(ε)infpk , (ε)H}.
Hence, {Ak}
WSLθ∼ {Bk}. 
Theorem . Let (X,ρ) be a metric space and Ak , Bk be non-empty closed subsets of X. If
d(x,Ak) =O(d(x,Bk)) and  < h = infk pk ≤ supk pk =H <∞, then
{Ak}




Proof Suppose that d(x,Ak) = O(d(x,Bk)) and ε >  is given. Since d(x,Ak) = O(d(x,Bk))
there exists an integerM such that
∣∣d(x;Ak ,Bk) – L∣∣≤M
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≤ max{Mh,MH} · hr










Deﬁnition . Let (X,ρ) be ametric space. For any non-empty closed subsetsAk ,Bk ⊆ X,
we say that the sequences {Ak} and {Bk} are strongly Cesàro asymptotically equivalent (in







∣∣d(x;Ak ,Bk) – L∣∣ = 
(denoted by {Ak} [Wσ]∼ {Bk}) and simply strongly Cesàro asymptotically equivalent (in the
sense of Wijsman) if L = .
Deﬁnition . Let (X,ρ) be a metric space and p = (pk) be a sequence of positive real
numbers. For any non-empty closed subsets Ak ,Bk ⊆ X, we say that the sequences {Ak}
and {Bk} are strongly Cesàro asymptotically p-equivalent (in the sense of Wijsman) of







∣∣d(x;Ak ,Bk) – L∣∣pk = 
(denoted by {Ak}
[Wσ(p)]∼ {Bk}) and simply strongly Cesàro asymptotically p-equivalent (in
the sense of Wijsman) if L = .
Theorem . Let (X,ρ) be a metric space and Ak , Bk be non-empty closed subsets of X. If
θ = {kr} is a lacunary sequence with lim infr qr > , then
{Ak}
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∣∣d(x;Ak ,Bk) – L∣∣pk – hr
kr–∑
k=















∣∣d(x;Ak ,Bk) – L∣∣pk
)
.
Since hr = kr – kr–, we have
kr
hr







∣∣d(x;Ak ,Bk) – L∣∣pk and kr
kr∑
k=
∣∣d(x;Ak ,Bk) – L∣∣pk




Theorem . Let (X,ρ) be a metric space and Ak , Bk be non-empty closed subsets of X. If




θ∼ {Bk} ⇒ {Ak}
[Wσ(p)]∼ {Bk}.










∣∣d(x;Ak ,Bk) – L∣∣pk ≤ ε.
We can also ﬁnd H >  such that Aj < H for all j = , , . . . . Now let t be any integer with





∣∣d(x;Ak ,Bk) – L∣∣pk ≤ kr–
kr∑
k=




∣∣d(x;Ak ,Bk) – L∣∣pk +∑
k∈I
∣∣d(x;Ak ,Bk) – L∣∣pk
+ · · · +
∑
k∈Ir
∣∣d(x;Ak ,Bk) – L∣∣pk
)






A + · · · + kR – kR–kr– AR
+ kR+ – kRkr–















≤ H · kBkr– + εM.
This completes the proof. 
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